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INTRODUCTION
The branch of mathematics particularly interested 
in the study of discrete and finite structures is called 
Combinatorics. Enumerative Combinatorics is an 
area that deals with how many ways patterns can be 
formed, and developing counting techniques for finite 
sets. Worpitzky’s identity [1] illustrates an interesting 
relationship between Eulerian numbers and binomial 
coefficients, two very important combinatorial 
quantities. Brenti and Welker, in [2], introduce a new 
identity analogous to Worpitzky’s identity. When this 
new identity is expanded, the coefficients that arise 
possess properties similar to the properties of the 
binomial coefficients. We refer to these new coefficients 
as geonomial coefficients; they represent the bulk of our 
research. 
PASCAL’S TRIANGLE AND BINOMIAL 
COEFFICIENTS
A well-known construction in mathematics, called 
Pascal’s Triangle, contains many beautiful properties. 
The numbers constructed here originally arose from 
Hindu studies of combinatorics, and will be defined later. 
Before we identify any properties, the reader should take 
some time to discover them in the following table. 
  1. Introduction 
  The branch of mathematics particularly interested in the study of discrete and finite structures is 
called Combinatorics. Enumerative Combinatorics is an area that deals with how many ways 
patterns can be formed, and developing counting techniques for finite sets. Worpitzky's identity [1] 
illustrates an interesting relationship between Eulerian numbers and binomial coefficients, two 
very important combinatorial quantities. Brenti and Welker, in [2], introduce a new identity 
analogous to Worpitzky's identity. When this new identity is expanded, the coefficients that arise 
possess properties similar to the properties of the binomial coefficients. We refer to these new 
coefficients as geonomial coefficients; they represent the bulk of our research. 
 2. Pascal's Triangle and Binomial Coefficients 
  A well-known construction in mathematics, called Pascal's Triangle, contains many beautiful 
properties. The numbers constructed here originally arose from Hindu studies of combinatorics, 
and will be defined later. Before we identify any properties, the reader should take some time to 
discover them in the following table.  
Table 1: Pascal's Triangle  
 n    nk ,0,=    
 0   1 
1   11  
2   121  
3   1331  
4   14641  
5   15101051  
6   1615201561  
7   
172135352171  
       
 
  The reader has most likely seen these numbers before, whether or not they are aware of this fact. 
TABLE 1:  PASCAL’S TRIANGLE
A B S T R A C T Combinatorics is a branch of mathematics interested in the study of finite, or countable, sets. In 
particular, Enumerative Combinatorics is an area interested in counting how many ways patterns are created, such 
as counting permutations and combinations. Brenti and Welker, authors of “The Veronese Construction for Formal 
Power Series and Graded Algebras,” seek an explanation for a combinatorial identity posed in their research. Using 
techniques practiced in this area of mathematics, we have discovered that certain numbers appearing in their identity 
hold properties similar to properties of the well-known binomial coefficients.
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Recall from high school algebra that students were 
asked to expand (multiply) the following: (a+b)(a+b). 
A helpful technique usually learned at the time, called 
“FOIL” (acronym for first, outside, inside, last), made 
this computation more straightforward. This method, 
however, quickly becomes tedious as the number of 
binomials to multiply increases. To confirm this claim, 
try to compute the following using the “FOIL” method: 
(a+b)(a+b) (a+b)(a+b). Certainly this method will give 
a correct solution, but it is an inefficient approach. A 
helpful theorem, named the binomial theorem, provides 
a more canny procedure. The following list is easily 
computed by the binomial theorem. 
 (a+b)  = 1a+1b
 (a+b)(a+b)   =  1a2 + 2ab + 1b2
 (a+b)(a+b) (a+b) =  1a3 + 3a2b + 3ab2  + 1b3
 and (a+b)(a+b) (a+b)(a+b) =  1a4 + 4a3b + 6a2 b2  + 4ab3 + 1b4
If it is not clear why the previous expansions deserved 
some space in this paper, observe the coefficients that 
appear in this list, and refer back to Pascal’s Triangle.
The coefficients that arise in the previous expansions 
are well-known as binomial coefficients, which make up 
the numbers in Pascal’s Triangle. Consider a situation 
in which one wanted to know the number of ways 
three cards could be selected from a standard deck of 
fifty-two. This value is 22,100. Only the most patient 
human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, 
the number of ways to choose k elements from a set of 
n (formally denoted as 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this computation more straightforward. This method, however, quickly 
becomes tedious as the number of binomials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions deserved some space in this paper, observe the 
coefficients that appear in this list, and refer back to Pascal's Triangle. 
  The coefficients that arise in the previous expansions are well-known as binomial coefficients, 
which make up the numbers in Pascal's Triangle. Consider a situation in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally denoted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
 ). To understand exactly what 
this is counting, let’s dissect a smaller example. Say that 
we wanted to count all possible combinations of 2 from a
set of 4 objects, denoted as 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this computation more straightforward. This method, however, quickly 
becomes tedious as the number of binomials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions deserved s me space in this p per, observe the 
coefficients that appear in this list, and r f r back to P sc l's Triangle. 
  The coefficients tha aris  in the previous expansions are well-known as bi omial coefficients, 
which make up the numbers in Pascal's Triangle. Consider a situation in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally d noted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
 , an  label each object 
in the set as {1,2,3,4}. Order does not matter in this 
situation, so we can have {(1,2), (1,3) (1,4), (2,3), (2,4), (3,4)}. 
There are six possible combinations, which is exactly 
the value appearing in Pascal’s Triangle. The patterns 
found in Pascal’s Triangle may come as a surprise when 
introduced, but indeed a valid proof is well-established 
for each property that will be mentioned.
SYMMETRY
The most direct observation would be that symmetry lies 
in each row. By cutting the triangle directly through the 
center, it is clear that the numbers mirror one another. 
The following observation should provide some intuition 
for why this happens: by choosing 0 elements from a set
of n , there are exactly n elements remaining, so therefore 
the number of ways to choose 0 is the same as the number 
of ways to choose n ; there is only one way. Similarly, 
the number of ways to choose 1 element from this set 
is exactly the number of ways to choose n — 1 elements. 
The number of ways to choose 2 elements is exactly the 
number of ways to choose n — 2 elements from the same 
set, and so on.
ROW SUM
Here is a small experiment for the reader: choose any 
row, and add up all of the numbers in this row. Observe 
the sum of all numbers in row three and row four: when  
n = 3 , the row sum is 1+3+3+1 = 8 ; when n = 4 , the row 
sum is 1+4+6+4+1 =16 . Now notice, 8 = 23 and 16 = 24 , 
and see the exponents here match the value of n that 
was chosen. In general, by selecting any single row, the 
sum of all numbers in this row will always be 2n , where 
n is the row index. Wow!
ALTERNATING SUM
Let’s now consider the alternating sums, where every 
other number is subtracted from the total. For example, 
the alternating sum of row three is 1 – 3 + 3 – 1 = 0, and 
the alternating sum of row four is 1 – 4 + 6 – 4 +1= 0. This 
pattern is indeed true for every row. Every alternating 
row sum, within this famous triangle, is 0.
PASCAL’S RECURRENCE
Pascal’s Triangle features yet another interesting 
property: if the entries in the previous row are given, 
it is possible to obtain any number in this triangle (a 
recurrence relation). For insight, let’s understand exactly 
what this means. When n = 3 and k = 2, the binomial 
coefficient 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this computation more straightforward. This method, however, quickly 
becomes tedious as the number of binomials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If t i not clear why the previous expansions deserved some space in this paper, observe the 
coefficients that appear in this list, and refer back to Pascal's Triangle. 
  The coefficients that arise in the previous expansions are well-known as binomial coefficients, 
which ake up the numbers in Pascal's Triangle. Consider a situation in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally denoted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
 = 3. Now look in the previous row when n 
= 2, and see that 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this computation more straightforward. This method, however, quickly 
becomes tedious as the number of binomials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficie t approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions deserved some space in this paper, observe the 
coefficients that appear in this list, and refer back to Pascal's Triangle. 
  The coefficients that arise in the previous expansions are well-known as binomial c efficients, 
which make up the numbers in Pascal's Triangle. Consider a situati n in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the ost patient hu an being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally denoted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
 + 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, las ), made this c mputation more straightforward. This method, however, quickly 
b comes tedious as the number of bino ials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theor m, named the 
binomial the rem, provid s  more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansio s deserved some space in this paper, observe the 
coefficients that appear in this list, and refer ba k to Pascal's Triangle. 
  The coefficient  that arise in the previous expansions are ell-kno n as binomial coefficients, 
which make p the numbers in Pascal's Tria gle. Consider a situation in which one wanted to 
k ow the number of ways three cards coul  be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patie t human being would dare to count this by hand. These 
binomial coefficients enumerate c mbinations, namely, the number of ways to choose k  
ele ent  fr m a set of n  (formally denoted as 





k
n
). To understand ex c ly what this is counting, 
le 's dissect a smaller ex mple. Say that we wanted to count all p ssible c mbinations of 2 from a 
set of 4 objects, denoted s 





2
4
, and label ach obj ct in the set as {1,2,3,4}. Order does not 
 = 2 +1= 3. Coincidence? 
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Absolutely not. Take another value, say n6 and  
k2, and notice that 
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( baba  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this computation more straightforward. This method, however, quickly 
becomes tedious as the number of binomials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions deserved some space in this paper, observe the 
coefficients that appear in this list, and refer back to Pascal's Triangle. 
  The coefficients that arise in the previous expansions are well-known as binomial coefficients, 
which make up the numbers in Pascal's Triangle. Consider a situation in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally denoted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
  15  5  10  
Recall from high school algebra that students were asked to expand (multiply) the following: 
))(( bb  . A helpful technique usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this co putation more straightforward. This method, however, quickly 
becomes tedious as the number of bino ials to multiply increases. To confirm this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is an inefficient approach. A helpful theorem, named the 
binomial theorem, provides a more canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions deserved some space in this paper, observe the 
coefficients that appear in this list, and refer back to Pascal's Triangle. 
  The coefficients that arise in the previous expansions are well-known as binomial coefficients, 
which make up the numbers in Pascal's Triangle. Consider a situation in which one wanted to 
know the number of ways three cards could be selected from a standard deck of fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial coefficients enumerate combinations, namely, the number of ways to choose k  
elements from a set of n  (formally denoted as 





k
n
). To understand exactly what this is counting, 
let's dissect a smaller example. Say that we wanted to count all possible combinations of 2 from a 
set of 4 objects, denoted as 





2
4
, and label each object in the set as {1,2,3,4}. Order does not 
  
Recall from high school algebra that students wer  aske to expand (multiply) the following: 
))(( baba  . A elpful techniqu  usually learned at the time, called ``FOIL" (acronym for first, 
outside, inside, last), made this co putation more straightforward. This method, however, quickly 
become edio s as the number of bino ials to multiply increases. To confir  this claim, try to 
compute the following using the ``FOIL" method: ))()()(( babababa  . Certainly this 
method will give a correct solution, but it is a  inefficient approach. A helpful theorem, named the 
binomial theor m, pr vides a mo e canny procedure. The following list is easily computed by the 
binomial theorem. 
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  If it is not clear why the previous expansions des rved some space in this paper, observe the 
coefficients that appear in this list, nd refer back to Pascal's Triangle. 
  The coefficients that aris  in the previous expansions are well-known as binomial coefficients, 
which make up the umbers in P scal's Triangle. Consider a situation i  which one wanted to 
know the nu ber of ways three cards could be selected from a standard deck f fifty-two. This 
value is 22,100. Only the most patient human being would dare to count this by hand. These 
binomial co fficients enu erate combinations, namely, the number f way  to choose k  
elements from a set of n (formally denoted as 





k
n
). To understand exactly what this is counting, 
let'  diss ct a s a ler example. Say that we wanted to count all possible combinati ns of 2 from a 
set of 4 objects, denoted as 





2
4
, and la el each objec in the set as {1,2,3,4}. Order does not 
. 
In order to obtain a particular entry, add the following 
two consecutive numbers that are in the previous row: 
the entry directly above, and the entry immediately to 
the left of this value. The following table is modified 
to illustrate the recurrence relation of the binomial 
coefficients.
Hopefully this triangle is becoming more and more 
beautiful to the reader! The following section introduces 
a new type of triangle not so well-known in mathematics.
TRIANGLE OF GEONOMIAL COEFFICIENTS
In this section, we will refer to the numbers in the new 
triangles as geonomial coefficients. These numbers 
satisfy a definition stated by Brenti and Welker and 
appear in an identity central to the paper [2]. The 
geonomial coefficients count the number of ways we can 
write an integer k as a sum of n digits whose values are 
integers between zero and r . The geonomial coefficients 
fall into different families, depending on a parameter 
r  1. If r  1, we recover the entries in Pascal’s Triangle. 
The tables for r  2 and r  3 are illustrated below. The 
patterns that occur with the geonomial coefficients 
are true for all values of r , and the following cases are 
selected for visual reference. For now, let us focus on the 
mysterious similarities between Pascal’s Triangle and 
the following triangles. 
SYMMETRY
A similar pr perty that is immediately identifiable is the 
symmetry in every row. The reason behind this follows a 
similar concept used to explain the symmetry of Pascal’s 
Triangle . We will illustrate another reason when we 
discuss the recurrence relation. Other similarities are not 
as direct, however, the reader should take a moment to 
discover patterns on their own.
Recall from the previous section that the coefficients 
in Pascal’s Triangle arise from expanding the product 
of binomials. Interestingly enough, the geonomial 
coefficients become explicit through a similar process 
of expansion. The following list will illustrate the 
coefficients connected to the values in Table 2.
(1aa2)1   1a21a1
(1aa2)2    1a4  2a33a22a1
(1aa2)3    1a63a56a4  7a36a2 3a1
Notice that the polynomials on the left-hand side are 
raised to some exponent which happens to be their row 
index in our table. The next table shows a different case 
of geonomial coefficients.
n k = 0, . . . , n
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
...
...
Hopefully this triangle is becoming more and more beautiful to the reader! The following
section introduces a new typ of triangle not so well-known in mathematics.
3. Triangle of Geonomial Coefficients
In this section, we will refer to the numbers in the new triangles as geonomial coefficients.
These numbers satisfy a definition stated by Brenti and Welker and appear in an identity
central to the paper [2]. The geonomial coefficients count the number of ways we can write
an integer k as a sum of n digits whose values are integers between zero and r. The geonomial
coefficients fall into different families, depending on a parameter r ≥ 1. If r = 1, we recover
the entries in Pascal’s Triangle. The tables for r = 2 and r = 3 are illustrated below.
The patterns that occur with the geonomial coefficients are true for all values of r, and the
following cases are selected for visual reference. For now, let us focus on the mysterious
similarities between Pascal’s Triangle and the following triangles.
3.1. Symmetry. A similar property that is immediately identifiable is the symmetry in
every row. The reason behind this follows a similar concept used to explain the symmetry of
Pascal’s Triangle . We will illustrate another reason when we discuss the recurrence relation.
Other similarities are not as direct, however, the reader should take a moment to discover
patterns on their own.
Table 2. Geonomial coefficients when r = 2
n k = 0, . . . , 2n
0 1
1 1 1 1
2 1 2 3 2 1
3 1 3 6 7 6 3 1
4 1 4 10 16 19 16 10 4 1
5 1 5 15 30 45 51 45 30 15 5 1
6 1 6 21 50 90 126 141 126 90 50 21 6 1
...
...
Recall from the previous section that the c efficients in Pascal’s Triangle arise from ex-
panding the product of binomials. Interestingly enough, the geonomial coefficients become
explicit through a similar process of expansion. The following list will illustrate the coeffi-
cients connected to the values in Table 2.
(1 + a+ a2)1 = 1a2 + 1a+ 1
(1 + a+ a2)2 = 1a4 + 2a3 + 3a2 + 2a+
(1 + a+ a2)3 = 1a6 + 3a5 + 6a4 + 7a3 + 6a2 + 3a+ 1
Notice that the polynomials on the left-hand side are raised to some exponent, which
happens to be their row index in our table. The next table shows a different case of geonomial
coefficients .
Table 3. Geonomials coefficients when r = 3
n k = 0, . . . , 3n
0 1
1 1 1 1 1
2 1 2 3 4 3 2 1
3 1 3 6 10 12 12 10 6 3 1
4 1 4 10 20 31 40 44 40 31 20 10 4 1
5 1 5 15 35 65 101 135 155 155 135 101 65 35 15 5 1
...
...
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To be consistent with the format used above, here 
are some products of polynomials whose coefficients 
represent values from Table 3.
(1aa2a3)1  1a31a2 1a1
(1aa2a3)2  1a6 2a53a4 4a33a22a1
(1aa2a3)3  1a9 3a86a7 10a6 12a5 12a410a36a23a1
In general, we were able to prove that the geonomial 
coefficients appear in the following expansions: 
(1aa2…ar)n , which is a repeated product of a finite 
geometric series 1aa2…ar (hence our choice for 
the name geonomial). The proof, however, is too technical 
to include in this paper, and we invite the reader to email 
us for specific details if desired.
ROW SUM
Recall from Pascal’s Triangle that the sum of the numbers 
in any single row was 2n (where n represented the row 
index). Let’s attempt the same experiment! By arbitrarily 
selecting row three, when n  3 from Table 2, the row 
sum is 1367631  27. Remember that Table 
2 is the case when r = 2 , and notice that 27  33  (21)5. 
From the same table, let n  5 so we obtain the sum 
15  1530455145301551  (21)5. 
Let’s now switch to Table 3 to see if the same pattern 
occurs. Add up all values in row two, when n = 2, so we get 
the sum 1+2+3+4+3+2+1 = 16 = 42 = (3+1)2. Also, when 
n = 5, we have 1+5+15+35+65+101+135+155+155+135
+101+65+35+15+5+1=1024=45 =(3+1)5. More generally, 
another property of the geonomial coefficients is that 
the sum in each row can be obtained by (r1)n, where  
r represents a particular case and n is the row index. We 
can verify this by revisiting our polynomial and setting  
a  1, where we get (1112 )n  3n  (21)n, and 
(111213 )n  4n  (31) n, and, more generally, 
. 
ALTERNATING SUM
The previous section proved that the alternating sum of 
the binomial coefficients will always be 0. For geonomial 
coefficients, there are two possible outcomes. When 
r is an even number, the alternating sum in each row 
is 1. On the other hand, when r is an odd number, the 
alternating sum is 0. To test this, consider row three 
from Table 2: 13676–311. Now use row three 
of Table 3 for confirmation. The alternating sum is 
13610121210631 0 . The reader can 
prove this property by setting a  –1 in the polynomials 
above.
RECURRENCE RELATION
Just as the binomial coefficients are obtainable given the 
previous row of Pascal’s Triangle, geonomial coefficients 
have a similar recurrence relation. Recall from Pascal’s 
Triangle that every number can be obtained by adding 
two consecutive numbers in the previous row. For these 
new triangles, the number of consecutive values required 
to add is r 1. When r  2 , the number of consecutive 
values to add in order to obtain a geonomial coefficient, 
is three. Comparably, when r  3, by adding four 
consecutive values in the previous row of the selected 
row, a new geonomial coefficient is obtained. Therefore, 
since the entries are initially symmetric, the entries in 
the following rows will abide to the same property. The 
following tables are modified to view this property.
TABLE 4:  r    4
When r is an even number, the alternating sum in each row is 1. On the other hand, when
r is an odd number, the alternating sum is 0. To test this, consider row three from Table 2:
1−3+6−7+6−3+1 = 1. Now use row three of Table 3 for onfirmation. The alternating
sum is 1− 3 + 6− 10 + 12− 12 + 10− 6 + 3− 1 = 0. The reader can prove this property by
setting a = −1 in the polynomials above.
3.4. Recurrence Relation. Just as the binomial coefficients are obtainable given the previ-
ous row of Pascal’s Triangle, geonomial coefficients have a similar recurrence relation. Recall
from Pascal’s Triangle that every number can be obtained by adding two consecutive num-
bers in the previous row. For these new triangles, the number of consecutive values required
to add is r + 1. When r = 2, the number of consecutive values to add in order to obtain a
geonomial coefficient, is three. Comparably, when r = 3, by adding four consecutive values
in the previous row of the selected row, a new geonomial coefficient is obtained. Therefore,
since the entries are initially symmetric, the entries in the following rows will abide to the
same property. The following tables are modified to view this property.
Table 4. r = 2
n k = 0, . . . , 2n
0 1
1 1 1 1
2 1 2 3 2 1
3 1 3 6 7 6 3 1
4 1 4 10 16 19 16 10 4 1
5 1 5 15 30 45 51 45 30 15 5 1
6 1 6 21 50 90 126 141 126 90 50 21 6 1
...
...
We have obtained a general proof for these recurrence relations as well, and would be
thrilled for the reader to contact us for more details.
4. Final Discussion
The identity presented by Brenti and Welker is combinatorial in nature, however as they
themselves state, there is no known combinatorial explanation for it. The Eulerian numbers
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1 1 1 1
2 1 2 3 2 1
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We have obtained a general pro f for these recur ence relations as well, and would be
thrilled for the reader to contact us for more details.
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The identity presented by Brenti and Welker is combinatorial in nature, however as they
themselves state, there is no known combinatorial explanation for it. The Eulerian numbers
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We have obtained a general proof for these recurrence 
relations as well, and would be thrilled for the reader to 
contact us for more details.
FINAL DISCUSSION
The identity presented by Brenti and Welker is 
combinatorial in nature, however as they themselves 
state, there is no known combinatorial explanation 
for it. The Eulerian numbers which are contained in 
this identity have many well-known properties, but the 
properties of the geonomial coefficients are less well-
known. We hope that our research will provide insight for 
developing a combinatorial explanation of this curious 
identity.
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Table 5. Geonomials coefficients when r = 3
n k = 0, . . . , 3n
0 1
1 1 1 1 1
2 1 2 3 4 3 2 1
3 1 3 6 10 12 12 10 6 3 1
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which are contained in this identity have many well-known properties, but the properties
of the geonomial coefficients are less well-known. We hope that our research will provide
insight for developing a combinatorial explanation of this curious identity.
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